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Let A be an (m + 1)-dimensional Tchebycheff space of periodic-type func-
tions. Then A contains an (m — 1)-dimensional Tchebycheff subspace. Con-
sequently, A has a Markov-type property: it contains a chain of Tchebycheff
spaces A = A, DA, , .., with dim4; =74 1.

1. T-Spaces or Periopic TYPE

Let uy , 4 ..., U, be defined and continuous on the interval [a, 5], forming
a Tchebycheff-system (abbr. T-system) on [a, b) and such that u;(b) = au,(a)
forsome o # Oandi = 0, 1,..., m (m = 2). We call such functions functions
of periodic type. In particular, they are periodic or antiperiodic when « = 41

or o = —1, respectively. Since the determinant
up(to)  ut) v g(tn) |
Ug» Uy seees U\ wlty) w(t) - wlt,)
U = | : .
Tostyoeis tm : :

um:(to) um-(tl) um(tm)

is positive whenever a < f, << #, << -+ < t,, << b and is continuous in ¢,,,
and the functions involved are of periodic type, it is clear that {u;}7. o forms
a T-system on (a, b] and hence (—1)" o > 0.

We say that x is a nodal zero of f; in the interval (a, b), if f(x) = 0 and il
Fx) f(xe) < 0 whenever x — e < x; < X < X << x -+ € for some ¢ > Q.
If fed,, = span {u,, 1) ,..., U} on [a, b), we say that a is a nodal zero
of f, if f(@) = 0 and if af(x;)f(x;) << 0 whenever a << x; << a + € and
b — € < x5 < b for some € > 0. All other zeros of f are called nonnodal

Zeros.
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Let fe A, . We extend fto [2a — b, 2b — a) by defining

f(f):if(ter——a), 2a—bh <t <a,

= 1)

a <t <b,
= of (t — b+ a), b<t<2b—a,

Clearly, the extended functions form a T-space (the span of a T-system)
on every half-open interval of length b — a, contained in {2¢ — b, 2b — a).

LemMmA 1. Let fed,, , f+# 0. The number of the zeros of f (in la, b)),
Z(f; [a, b)) is even or odd, according to m being even or odd (nonnodal zeros
counted twice).

Proof. The claim of the lemma is clear if f(a) 7 0. If fig) = 0, then
fla— ¢ #0 for some € >0 and Z(f;[a, b)) = Z(f; [a, b)) = Z(F;
fa —¢b— ¢).

2. AN INTERPOLATION PROBLEM
We need the:

Depnrrion 2], Let fbe defined on a real set M and let ¢, £y ,..., € M
with 4, <f, < - <1,

(1) t;,15,..., &; form an alternation of f, of length &, if sgnf(z,) =
—sgn( f(t;14) =0, fori=1,2,....k — 1.

i) #.,t,., 0 form a quasialternation of f, of length &k if
sgnl f(t:) — f(tisn)) = — sgn(fltivd) — f(lino)), for i=1,2,.,k—2

We also need the following results of Zielke [2, Lemimas 3, 5 and 71

Let v; = 1, vg ..., Uy be continuous functions on (g, b), forming a CT-
system (Complete Tchebycheff-system) (i.e., v , vy ,..., v, form a T-system for
r=12,..m- 1) on this interval. z, is strictly increasing and hence
I = vy((a, b)) is an open interval and f; , f5 ,..., fims1 > defined by f; = v; o 057,
i=1,2,....,m+ 1 form a CT-system on I. We have that g, = Df, = 1,
g5 = Dfs s @mya = Dfpay i3 a CT-system on I, D being the right-hand
side derivative.

Let J = gy(I), b; = g; o g5* and J* = (inf J, sup J). We extend the func-
tions h;, i = 2,3,..,m- 1, to h; on J* [2, Lemma 5]. Every & espan
{hy , By ooy Fiiniy) has no alternation of length >m and since every / € span
{hy , By ,..., By} has no quasialternation of length >m and the extension
of the #’s is by linear segments, the same is true for the i’s. Hence DA has
no alternation of length >m — 1.
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Finally, we define

Dy = D(v o v3Y)
and
D,y = Dh,

where 2 = gog~land g = Dy.

Let A,, = span{uy , ty ,..., 4}, m 3= 2, be a T-space on [a, b) with u(b) =
aui(@) for some o %= 0 and i=0,1,.., m We may assume that #,(a) = 0
fori=1,2,..,mand that {u, , 4 ,..., ty, , 4y} is a CT-system on (q, b). Define

u; .
v; :M, fori=1,2,.,m
Uy |(a,0)

and

Uy I(a,b)
Vg = ——22
" Uy N

LEMMA 2. Let vy, Uy ..., Upq be defined as above and let x, t, , 15 5..; tyy
be m points in the interval (a, b) with t; << ty < -+ <ty . The trivial poly-
nomial (in the v;’s) is the only element of span{vy , vy ,..., Uniq} Satisfying

O ovt)=0,i=12,..,m—1,
(2) Dw(x) =0, and
(3) Dy(x) = 0.

Proof. Assume, to the contrary, that there exists a non-trivial polynomial,
v = Zi":;l ap; that satisfies (1), (2) and (3). Consider the polynomial
u = Yo, au; (with @y = a,,.;). By Lemma 1, u vanishes at an additional
point £, in [, b), or, exactly one of its zeros is a nonodal one.

Assume, first, that u(a) %= 0. We can split the mterval vs((a, b)) into m
consecutive subintervals on which f = v o3t Zz—l a; f;, is increasing
and decreasing alternately, thus Do has an alternation of length m. By
[2, Lemma 3] D,v has no quasialternation of length >m and if D is not
identically zero (in which case » = 0), D,v has an alternation of length
m — 1. Since Dh changes sign at points where h is negative or positive,
Dy does not change sign at x. Let s, , 85 ,..., Sm—p be points in J* such that
in each of the intervals (s, 51)s (515 $5)yees (Sms 5 Smey) (o = infJ and
Sm—y = sup J), Dh is always nonnegative or nonpositive. ¥ = ( g © 0)(x)
belongs to one of them, say (s, , S;41), and assume for the sake of simplicity
that Dh is nonnegative on this interval. Clearly, there exist two points s; <
¥, <y <Py < 81, such that Dh(yp,) > 0 and Dh(y,) > 0 and since
Dh(x) = 0, Dh has a quasialternation of length >m -- 1. Hence v = 0.
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If w@) =0, then @y =10 (am;; =0) and the assertion holds in
span {vy {(a,5) »» U [(a,00}-

3. THE MAIN RESULT

It is known that if /4 is an n-dimensional T-space on a set M, then /
contains an (n— 1)-dimensional T-space iff we can extend the elements of 4
to M U {x}, x¢ M and the extended functions form a T-space on that set.
This is not the case here. However, we show that we can, by adding a “double
point” to [a, b), construct an (n — 2)-dimensional T-subspace.

TaEOREM 1. Lef uy, Uy ,..., Uy, be defined and continuous on the interval
la, b], forming a T-system on la, b), and such that u{b) = oufa) for some
a#=0 and i =0, 1,....,m. The T-space, span{uy,  ,..., U,} contains an
{m — 1)-dimensional T-subspace, on |a, b).

Proof. For m = 2, span{u,,u,, u,} contains a positive function on
[a, b) so we assume m > 3.

We may assume that ua) = 0 for 7 = 1, 2,..., m and that

{ts {(a,8) > U2 [(@,0) 5ees U [(autd > Yo [y 15 @ CT-system.

Define v;, i = 1,2,...;m + 1 as in Lemma 2, and since Dy, = Dy, =
Dy, == 0Q Dy, =1 and Dy, = 1, we can define &, =, and for i =4,
Dy = v; — aw, — by such that Dy0(x) = Dffx) = 0 for a given
X, a < x <<b.

The determinant of the interpolation problem of Lemma 2 does not vanish
and hence

U (7")1 s D geees 77m+1) £ 0

tl > oy tm—l

whenever a < f; <1, < - < ty_q << b, which implies

U( ﬁlaﬁzl,---aﬁmsﬁ() ) ;é 0’
tl H tz seees t’m—2 ] tm-l
U =uwand #; = u; — au, — bu, , i = 0,4, 5,..., m.

U §((a,b) 5 Uy l(a,b) seves Um I(a,b) and @, l(a,b) form a T'SyStem on (aa b) We
can extend these functions to [e, ) and the extended functions will form
T-system on this interval [1]. This extension is continuous, as will be shown
in Theorem 3 and hence, span {#; , & , 4y ,..., &} is 2 T-space on [a, b).

THEOREM 2. Let iy, Uy ., Uy, be as in Theorern 1 and A4, =
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span {uy , Uy ,..., Uy}. There exists a chain of T-spaces: A, D Apy D - 04,
(b = 0,1, accordzng to m being even or odd) with dim A, = i + 1.

THEOREM 3. Let uy, thy ..., Uy, be continuous functions on [a, b), forming
a T-system on this interval. If A,, = span{uy, uy ,..., U,,} does not contain
an m-dimensional T-subspace then it contains an (m — 1)-dimensional one.

Proof. As in [1] we define w(?) = maxocicn | 4:t)l, a <t < b, and
vt) = w(Ow(®), i =0,1,2,....,m; a <t <b Itis suﬁiment to prove the
theorem for span {v,, v; ,..., v,,}. We choose a sequence {#;} in [a, b) with
lim,., #; = b. This sequence contains a subsequence {#; } such that lim;.
vil#; ) exist for i = 0,..., m

We show that the limits do not depend on {#;}. Assume that for some i,
there exist two sequences {s;} and {r;} such that lim,,, vi(s) =8 <
lim, .., v; (r;) = R. Since for some i, v; = 1 near b, v; — ((S+ R)/2) v,
vanishes infinitely many times in contradiction to the fact that {v;}ir, is
a T-system. Thus we may extend v;, i = 0, 1,..., m to [a, b] and the extended
functions are continuous on [a, 8].

By [1], if 4,, does not contain an m-dimensional T-subspace, (vy(a), v4(a)....,
o)) and vy(b), v4(D),..., v, (b)) are proportional, and thus by Theorem 1,
A, contains an (m — 1)-dimensional T-subspace.
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